▼❡❛s✉r❡♠❡♥t t✐♠❡ ✶ ❤ ✸ ❤ ✷ ❤ ✹ ❤ ■♠❛❣❡ ♣❛✐r ❛t •❡❛st ✶✵ ❛t •❡❛st ✶ ✶ ♭ ♥♦♥❡ ❙✉r❢❛❝❡ ❞❡s❝r✐♣t✐♦♥ ✸❉ ♣♦✐♥t ❝•♦✉❞ ✸❉ ♣♦✐♥t ❝•♦✉❞ ❋r❡❡❢♦r♠ s✉r❢❛❝❡ ✸❉ ♣♦✐♥t ❝•♦✉❞ ♭ ❖♥•② ♦♥❡ ♣❛✐r ❝❛♥ ❜❡ ✉s❡❞ ♣r♦✈✐❞❡❞ t❤❡ ♦❜•❡❝t ✐s ♥♦t ♣•❛♥❛r ♦r q✉❛s✐ ♣•❛♥❛r✳ ❚❤❡ s✉r❢❛❝❡ X(u, v) = (X, Y, Z) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ (u, v) ❛s X(u, v) = m i=0 n j=0 N i,p (u)N j,q (v)ω ij P ij m i=0 n j=0 N i,p (u)N j,q (v)ω ij ✭✶✮ ✇✐t❤ ∀u ∈ [0, 1], N i,0 (u) =        1 ✇❤❡♥ u i ≤ u ≤ u i+1 0 ♦t❤❡r✇✐s❡ ✭✷✮ ❛♥❞ N i,p (u) = u − u i u i+p − u i N i,p−1 (u) + u i+p+1 − u u i+p+1 − u i+1 N i+1,p−1 (u) ✭✸✮ ✇❤❡r❡ N i,p ❛r❡ ♠✐①✐♥❣ ❢✉♥❝t✐♦♥s✱ P ij = (X P ij , Y P ij , Z P ij ) ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ ❝♦♥tr♦• ♣♦✐♥ts ♦❢ t❤❡ s✉r❢❛❝❡✱ ω ij ❝♦rr❡s♣♦♥❞✐♥❣ ✇❡✐❣❤ts✱ (m × n) t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr♦• ♣♦✐♥ts ❛♥❞ (p,❚❤❡ r❡•❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ✸❉ ♣♦✐♥ts ✭♦❢ ❝♦♦r❞✐♥❛t❡ X = (X, Y, Z)✮ ✐♥ t❤❡ ❢r❛♠❡ ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♣❛rt ❛♥❞ t❤❡✐r ♣r♦•❡❝t✐♦♥s ♦♥t♦ •❡❢t ❛♥❞ r✐❣❤t ♣✐❝t✉r❡s ✭♦❢ ❝♦♦r❞✐♥❛t❡s (x l , y l ) ❛♥❞ (x r , y r )✱ r❡s♣❡❝t✐✈❡•②✮ ❛r❡ ❣✐✈❡♥ ❜②            s l x l s l y l s l            = [M l ]{X} and            s r x r s r y r s r            = [M r ]{X} ✭✹✮ ✇❤❡r❡ s l ❛♥❞ s r ❛r❡ s❝❛•❡ ❢❛❝t♦rs✱ ❛♥❞ {X} = (X, Y, Z, 1) t ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ❝♦♦r❞✐✲ ♥❛t❡s ♦❢ ❛♥② ✸❉ ♣♦✐♥t ❬✾✱ ✷✺❪✳ ❇② r❡♠❡♠❜❡r✐♥❣ t❤❛t t❤❡ ✸❉ ♣♦✐♥ts ❜❡•♦♥❣ t♦ ❛ s✐♥❣•❡ s✉r❢❛❝❡ ✭❡✳❣✳✱ ◆❯|❇❙ ♣❛t❝❤✮ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ (u, v)✱ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ❛r❡ r❡✇r✐tt❡♥ ❛s      x l,r (u, v) = M l,r 1i Xi(u,v) M l,r 3i Xi(u,v) y l,r (u, v) = M l,r 2i Xi(u,v) M l,r 3i Xi(u,v) ✭✺✮ ✇❤❡r❡ ❊✐♥st❡✐♥✬s ❝♦♥✈❡♥t✐♦♥ ✐s ✉s❡❞✳ ❚❤❡ ♣r♦❜•❡♠ ❤❛s ❛ ♣r✐♦r✐ ✷✹ ✉♥❦♥♦✇♥s ✭✐✳❡✳✱ ✷✹ ♣❛r❛♠❡t❡rs M l,r ij ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐❝❡s [M l ] ❛♥❞ [M r ]✮ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡② ✇✐•• ❜❡ ❡✈❛•✉❛t❡❞ ❜② r❡s♦rt✐♥❣ t♦ ✽ ❇✳ ❇❡❛✉❜✐❡r ❡t ❛•✳ ❛ ❉■❈✲❜❛s❡❞ ❛•❣♦r✐t❤♠✳ ❚❤❡ ♣✐❝t✉r❡s s❤♦t ❜② •❡❢t ❛♥❞ r✐❣❤t ❝❛♠❡r❛s ❛r❡ r❡s♣❡❝t✐✈❡•② ❞❡♥♦t❡❞ ❜② f (x l ) ❛♥❞ g(x r )✱ ✇❤❡r❡ x l = (x l , y l ) ❛♥❞ x r = (x r , y r )✳ ❚❤❡ ❣r❛② •❡✈❡• ❝♦♥s❡r✈❛t✐♦♥ r❡q✉✐r❡s t❤❛t f (x l ) = g(x r ) ✭✻✮ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥s❡r✈❛t✐♦♥ ♦♥•② ❤♦•❞s ✐❢ t❤❡ ❡①❛❝t ❝❛•✐❜r❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ❦♥♦✇♥ ✭✐✳❡✳✱ t❤❡ t✇♦ tr❛♥s✲ ❢♦r♠❛t✐♦♥ ♠❛tr✐❝❡s✮ ❛♥❞ ♥♦ ❛❝q✉✐s✐t✐♦♥ ♥♦✐s❡ ✐s ♣r❡s❡♥t✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ❛ ❣•♦❜❛• ❢♦r♠✉•❛t✐♦♥ ✐s ♥❡❡❞❡❞ ✐♥ ✇❤✐❝❤ t❤❡ s✉♠ ♦❢ sq✉❛r❡❞ ❞✐✛❡r❡♥❝❡s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ♣❛r❛♠❡tr✐❝ s♣❛❝❡ T = ROI [f (x l (u, v, M r ij )) − g(x r (u, v, M r ij ))] 2 dudv ✭✼✮ ✐s ♠✐♥✐♠✐③❡❞ ✇✐t❤ r❡s♣❡❝t t♦ M l,r ij ♦✈❡r t❤❡ r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st ✭|❖■✮✳ ❆s ✐♥ ❛♥② st❛♥❞❛r❞ ❣•♦❜❛• ❛♣♣r♦❛❝❤ ❬✸✱ ✸✷❪✱ ❛ ♠♦❞✐✜❡❞ ◆❡✇t♦♥ s❝❤❡♠❡ ✐s ✉s❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ s✉♠ ♦❢ sq✉❛r❡❞ ❞✐✛❡r❡♥❝❡s✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ •✐♥❡❛r✐③❡❞ s✉♠ ♦❢ sq✉❛r❡❞ ❞✐✛❡r❡♥❝❡s T lin (dM l,r ij ) = ROI [f (x l ) − g(x r ) + (∇f · δx l )(x l ) − (∇g · δx r )(x r )] 2 dudv ✭✽✮ ✇❤❡r❡ ❝♦rr❡❝t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝❤❛♥❣❡s ♦❢ t❤❡ ❝❛•✐❜r❛t✐♦♥ ♣❛r❛♠❡t❡rs dM l,r ij ✉♣❞❛t❡ t❤❡ •❡❢t ❛♥❞ r✐❣❤t ❝♦♦r❞✐♥❛t❡s ✭δx l ❛♥❞ δx l ✮ ♦❢ ❛♥② ✸❉ ♣♦✐♥t δx l,r = ∂x l,r ∂M l,r ij dM l,r ij ✭✾✮ ■♥ ❊q✉❛t✐♦♥ ✭✼✮✱ x l ❛♥❞ xr ❞❡♥♦t❡ t❤❡ ❝✉rr❡♥t ❡st✐♠❛t❡s ♦❢ t❤❡ ✷❉ ♣♦s✐t✐♦♥s ♦❢ ✸❉ ♣♦✐♥ts ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❝✉rr❡♥t ❡st✐♠❛t❡ ♦❢ ♠❛tr✐❝❡s [M l ] ❛♥❞ [M r ]✳ ❈♦♥s❡q✉❡♥t•②✱ ❛ ❵♣s❡✉❞♦✬ ❦✐♥❡♠❛t✐❝l 0 = x l ([M l 0 ]) ❛♥❞ x r 0 = x r ([M r 0 ])✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❝❛•✐❜r❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✭❋✐❣✉r❡ ✸✮✳ ❆t •❡❛st ✻ ♣♦✐♥ts ❛r❡ s❡•❡❝t❡❞ ❜② t❤❡ ✉s❡r ♦♥ ❈❆❉✲❜❛s❡❞ st❡r❡♦❉■❈ ✾ t❤❡ t❤❡♦r❡t✐❝❛• s✉r❢❛❝❡ X(u, v)✱ ❛♥❞ ♦♥ t❤❡ r✐❣❤t ❛♥❞ •❡❢t ♣✐❝t✉r❡s (x l,r i , y l,r i )✳ ❚❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛• ❝♦♦r❞✐♥❛t❡s (X i , Y i , Z i ) ❛r❡ s❡•❡❝t❡❞ ♦♥ t❤❡ ❈❆❉ ♠♦❞❡• ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♣❛rt✳ ❙②st❡♠ ✭✹✮ ✐s s♦•✈❡❞ t♦ ❞❡t❡r♠✐♥❡ [M r 0 ] ❛♥❞ [M l 0 ] ✈✐❛ ❛❞ t♦                  C 1 (v) = X(u * = 1/3, v) C 2 (v) = X(u * = 2/3, v) C 3 (u) = X(u, v * = 1/3) C 4 (u) = X(u, v * = 2
